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The second part of this paper compares and evaluates enhancements of the conventional plasticity theory
by gradients of internal variables. Attention is focused on their performance as localization limiters. Both
explicit and implicit gradient formulations are considered. It is shown that certain models suffer by seri-
ous mathematical deﬁciencies that would complicate their numerical implementation. Some other mod-
els are appropriate only at early stages of the softening process but later exhibit locking accompanied by a
spurious expansion of the localized plastic zone. The comparative study indicates that a convenient and
robust tool for regularized modeling of the entire localization process is provided by the implicit gradient
approach combined with a suitable form of the hardening/softening law.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
In Part I of this paper, the need for enrichments of the standard
continuum formulation of plasticity theory has been justiﬁed, and
a particular group of enrichments constructed within the frame-
work of the strain-gradient theory has been studied. It has been
shown that strain-gradient extensions of plasticity models with
softening can act as localization limiters that enforce a nonzero
minimum size of the localized plastic zone at bifurcation from a
uniform state, but the subsequent evolution of the plastic strain
proﬁle is not always described in a realistic way, and instabilities
or locking effects accompanied by a spurious expansion of the plas-
tic zone may appear at late stages of softening.
In the present Part II, the analysis of localization properties will
be performed for another wide group of gradient-type extensions,
namely for plasticity models with gradients of internal variables
(usually of the cumulative plastic strain). Sections 2–4 treat the
explicit formulations, in which the gradients of the internal vari-
able appear directly in the hardening–softening law. Sections 5
and 6 are devoted to implicit formulations, which deﬁne a nonlocal
internal variable as the solution of a differential equation with the
corresponding local variable on the right-hand side, and the hard-
ening–softening law is then written in terms of the local and non-
local internal variables.
Same as in Part I, attention is restricted to the static, rate-inde-
pendent response in the small-strain range and in the one-dimen-ll rights reserved.
ek).sional setting. These restrictions permit an analytical or semi-
analytical treatment of the problem, while the basic characteristics
of the solutions remain valid in the general, multi-dimensional
case. For the reader’s convenience we reprint the basic equations
of standard local one-dimensional plasticity with linear isotropic
hardening,
r ¼ Eðe epÞ ð1Þ
rY ¼ r0 þ Hj ð2Þ
_ep ¼ _jsgnr ð3Þ
_jP 0; f ðr;rYÞ 6 0; _j f ðr;rYÞ ¼ 0 ð4Þ
where r is the stress, r0 is the initial yield stress, rY is the current
yield stress, e is the strain, ep is the plastic strain, j is the cumulative
plastic strain, E is the elastic modulus, H is the plastic modulus
(negative for softening), and the yield function is given by
f ðr;rYÞ ¼ jrj  rY ð5Þ
Except for the strain-space implicit gradient plasticity model
(Section 6), all other gradient-enriched formulations presented in
Part II of this paper modify exclusively the softening law (2) while
the other equations are kept in their original form.
2. First-gradient plasticity model of Schreyer and Chen
2.1. Model description
Schreyer and Chen (1986) proposed an explicit gradient plastic-
ity model with the current yield stress rY dependent not only on
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ﬁrst spatial gradient, $j. In the isotropic case, the dependence on a
tensor can enter only through its invariants, and a ﬁrst-order ten-
sor has only one (independent) invariant—its norm. In one dimen-
sion, the norm of the gradient, k$jk, reduces to the absolute value
of the ﬁrst derivative, j j0 j. According to the gradient model pro-
posed by Schreyer and Chen, constitutive Eqs. (1)–(5) remain valid,
except for the softening law (2), which is replaced by
rY ¼ r0 þ hðj;j0Þ. The original form of the hardening–softening
function hwas relatively complicated, but in a later paper Schreyer
(1990) postulated the softening law in the simple form
rY ¼ r0 þ H½jþ ðlj0Þ2 ð6Þ
where H < 0 is the softening modulus and l is a material parameter
with the dimension of length. Due to the presence of the second
power, the yield stress depends only on the magnitude of j0 but
not on its sign, as dictated by the condition that the softening pro-
cess must be independent of the selected orientation of the coordi-
nate axis. At the onset of yielding we have j ¼ 0 and rY ¼ r0, and
when j becomes positive, rY decreases.
2.2. Localization analysis
We consider again the one-dimensional test problem already
discussed in Part I and reproduced in Fig. 1. In particular, we are
interested in nonuniform solutions, with plastic yielding conﬁned
to a plastic region Ip that does not extend over the entire bar
length. Inside the plastic region, the yield function must vanish,
and so the current yield stress is equal to the stress, which is con-
stant along the entire bar due to the equilibrium condition (assum-
ing that the body forces are negligible). Combining (6) with the
condition rYðxÞ ¼ r ¼ const. for all x 2 Ip, we obtain the nonlinear
differential equation
jþ l2ðj0Þ2 ¼ jr in Ip ð7Þ
in which j is the unknown function of the spatial coordinate x
describing the distribution of the softening variable, and
jr ¼ ðr r0Þ=H plays the role of a loading parameter that grows
from 0 to jc ¼ r0=H as the stress decreases from its peak value
r ¼ r0 to zero. Physically, jr corresponds to the plastic strain that
would develop at stress level r if the strain proﬁle remained
uniform.
Schreyer (1990) showed that Eq. (7) admits solutions of the
form
jðxÞ ¼ jr  x x02l
 2
ð8Þ
where x0 is the coordinate of the center of the plastic zone (which
still remains arbitrary, and its actual position would be decided
by random imperfections). From the condition jðxÞ > 0 for all
x 2 Ip it follows that the plastic zone is an interval of length
Lp ¼ 4l ﬃﬃﬃﬃﬃﬃjrp centered at x0. Note that if compressive yielding is
excluded (which is a reasonable assumption in a uniaxial tensilea
L
F
u
Fig. 1. (a) Bar under uniaxialtest), the softening variable j is identical with the plastic strain
ep. According to Eq. (8), the distribution of plastic strain is parabolic
and the size of the plastic zone grows as shown in Fig. 2.
The expansion of the plastic zone is certainly not physical, but
this problem could be handled by a suitable modiﬁcation of the
softening law, e.g., by making the parameter l dependent on the
cumulative plastic strain. However, the model suffers by another,
more fundamental deﬁciency: the solution described by (8) and
plotted in Fig. 2 is not the only possible type of solution. At any
point of the plastic zone, it is possible to switch from a solution
given by (8) with a certain value of x0 to another solution given
by the same general formula but with a different value of x0; see
Fig. 3. Such a combined solution satisﬁes the differential Eq. (7)
at all points of the plastic zone except for those points at which
the derivative j0 has a jump. But still, the derivatives from the left
and from the right at these points exist and they both satisfy the
differential equation. Of course, one could remove the ambiguity
by requiring the solution to be continuously differentiable, but this
condition is always violated at the elastoplastic interface, and so
the only admissible solution would then be jðxÞ ¼ jr ¼ const.,
i.e., the solution with uniform strain and with a plastic zone
extending over the entire bar length.
It must be concluded that the present model does not provide a
mathematically clean regularization of the problem. Localization
analysis leads to a ﬁrst-order differential Eq. (7), and the require-
ment of C1-continuity would be too restrictive (plastic strain could
not localize at all) while the requirement of C0-continuity would be
too weak (plastic strain increments could localize in an arbitrarily
small region). Since the order of the differential equation is odd,
transformation to the weak form would not help. This is probably
the reason why, to the best of the authors’ knowledge, a successful
numerical implementation of this model has never been reported
in the literature.3. Second-gradient plasticity model of Aifantis and its
extensions
3.1. Model description
A widely popular second-gradient plasticity model was inspired
by the ideas of Aifantis (1984), and its theoretical formulation and
numerical implementation was later developed by a number of
authors (Coleman and Hodgdon, 1985; Mühlhaus and Aifantis,
1991; Vardoulakis and Aifantis, 1991; de Borst and Mühlhaus,
1992; Pamin, 1994; de Borst and Pamin, 1996; Comi and Perego,
1996; Li and Cescotto, 1996; Ramaswamy and Aravas, 1998). In
the simplest version of that model, the softening law (2) is
enriched by a term proportional to the second gradient of the soft-
ening variable. For a one-dimensional model with linear softening,
this law is written as
rY ¼ r0 þ H½jþ l2j00 ð9Þb
F=A σ
u
L
τ
τ
tension, (b) shear layer.
εp
x0 x
Fig. 2. Evolution of the plastic strain proﬁle according to the model of Schreyer and
Chen.
-1
0
1
2
coordinate x
Fig. 4. Normalized distribution of plastic strain j and its second derivative j00 for
the second-gradient Aifantis model; j and j00 are such that jþ l2j00 is constant. The
ordinates are normalized by jr .
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square brackets emphasize that the enclosed term is not the argu-
ment of a function H (as it might seem if round parentheses were
used), but is multiplied by a constant H. To keep the second deriv-
ative bounded, it is natural to require that the ﬁeld jðxÞ be C1-
continuous.
3.2. Localization analysis
The enrichment of the softening law by the second derivative of
the cumulative plastic strain regularizes the problem and prevents
localization of plastic strain into an arbitrarily small region. Inside
the plastic zone Ip, the yield condition f ¼ r rY ¼ 0 with the
current yield stress rY evaluated from (9) leads to the differential
equation
jþ l2j00 ¼ jr in Ip ð10Þ
for the unknown softening variable jðxÞ. On the right-hand side,
jr ¼ ðr r0Þ=H is a constant (in space) that parameterizes the
loading process. The general solution of (10) reads
jðxÞ ¼ jr þ C cos x x0l ð11Þ
where C and x0 are integration constants (which may vary in time).
Formula (11) is valid inside the plastic zone Ip, where the soft-
ening variable jmust be positive. In general, the plastic zone could
consist of several intervals, but we look for the most localized solu-
tion with a contiguous plastic zone, which is usually the stable one
according to the criterion of stable path discussed in Section 10.2 of
the monograph by Bazˇant and Cedolin (1991).
If the plastic zone is located inside the bar (i.e., if it is not adja-
cent to the boundary), it is separated from the elastic zones by two
cross-sections with yet unknown coordinates, xl and xr . Therefore,
the general solution contains a total of four unknowns: coordinates
xl and xr and the integration constants C and x0. They can be deter-
mined from suitable conditions imposed at the elastoplastic inter-
face, i.e., at points xl and xr . These conditions are sometimesεp
x
Fig. 3. Possible nonsmooth plastic strain proﬁles areferred to as boundary conditions at the boundary of the plastic
zone, but it is more appropriate to consider them as a special type
of loading–unloading conditions. In the present idealized case of a
bar with perfectly uniform properties, one can even use a simple
regularity condition and impose continuous differentiability of
the plastic strain along the entire bar. Since j is identically equal
to zero outside the plastic zone, both j and j0 must vanish at the
elastoplastic interface, and the resulting conditions read
jðxlÞ ¼ 0, jðxrÞ ¼ 0, j0ðxlÞ ¼ 0 and j0ðxrÞ ¼ 0. Cases with less regu-
lar data can be handled using a weak formulation of the problem,
which leads to a certain variational inequality. Detailed mathemat-
ical analysis of this issue is out of scope of the present comparative
paper.
In the idealized case of a bar with perfectly uniform properties,
the conditions imposed at the elastoplastic interface lead to a set of
four equations that are not independent, which is related to the
fact that the plastic zone can be located anywhere along the bar
(its actual position depends on random imperfections). If we ﬁx
the value of x0, the other constants are uniquely determined and
the solution reads
jðxÞ ¼ jr 1þ cos x x0l
 
for x 2 Ip ¼ ½x0  pl; x0 þ pl ð12Þ
This plastic strain proﬁle is graphically illustrated in Fig. 4, along
with the distribution of l2j00 and the constant sum jþ l2j00.
The plastic zone is the interval of length Lp ¼ 2pl centered at x0.
It is interesting to note that the size of the localized plastic zone is
directly proportional to the internal length parameter l and inde-
pendent of all the other material parameters, including the plastic
modulus H. Differentiating (12) with respect to time and taking
into account that _jr ¼ _r=H, we obtain the plastic strain rate
_jðxÞ ¼ _r
H
1þ cos x x0
l
 
for x 2 Ip ð13Þεp
x
dmitted by the model of Schreyer and Chen.
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There are at least two ways of generalizing Eq. (9) to the case of
nonlinear softening: one can either evaluate the nonlinear soften-
ing function h using the enriched softening parameter jþ l2j00 as
its argument, or ﬁrst evaluate h for argument j and then modify
the yield stress by a separate additive term gj00 where g < 0 is a
material parameter. If g is identiﬁed with Hl2, both enrichments
reduce in the linear case to the same softening law (9). However,
their inﬂuence on the solution in the nonlinear case is substantially
different.
For the ﬁrst type of nonlinear softening law,
rY ¼ r0 þ hðjþ l2j00Þ ð14Þ
the differential equation for the softening variable still has the form
(10), provided that jr is set equal to the solution of the nonlinear
algebraic equation hðjrÞ ¼ r r0, i.e., jr ¼ h1ðr r0Þ where h1
is the inverse function of h. It is thus obvious that the analysis of
the linear case remains valid—the size of the plastic zone does not
depend on H and therefore does not vary during the deformation
process, and the plastic strain distribution is again given by (12).
The second type of nonlinear softening law in the form
rY ¼ r0 þ hðjÞ þ gj00 ð15Þ
was actually suggested in the original paper by Aifantis (1984). The
corresponding differential equation for the softening variable is
nonlinear and reads
hðjÞ þ gj00 ¼ r r0 ð16Þ
In terms of rates we obtain
HðjÞ _jþ g _j00 ¼ _r ð17Þ
where H  dh=dj is variable but g is not. Solution (13) is now valid
only at the bifurcation from a uniform state, which occurs at the on-
set of yielding, when j ¼ 0 along the bar and thus HðjÞ ¼ Hð0Þ ¼ H0
is constant in space. At later stages of the localization process, the
variation of H results into changes of the plastic strain distribution.
Intuitively it can be expected that, for convex softening curves with
gradually decreasing magnitude of the post-peak slope, the increase
of the ‘‘variable characteristic length”
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g=HðjÞp leads to an expan-
sion of the plastic zone. This is conﬁrmed by numerical simulations
of localization with an exponential softening law (Fig. 5a)
hðjÞ ¼ r0 exp H0jr0
 
 1
 
ð18Þ
where H0 < 0 is the initial softening modulus (at j ¼ 0). The initial
size of the plastic zone is 2pl0 where l0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g=H0
p
(Fig. 6a), but later
the plastic zone grows (Fig. 6b). This is a sign of locking effects thata
κ/H0−σ 0
1
σ0
σ
0-H
Y
σ
σ
Fig. 5. (a) Exponential softening curve, (b) ‘‘linear” sofare apparent from the load–displacement diagram in Fig. 6c, calcu-
lated for bar length L ¼ 50 l0. In this ﬁgure, the load is normalized by
the peak load r0A and the displacement by Lr0=ðH0Þ, and the
dimensionless coordinate is ðx x0Þ=l0. The dashed curve corre-
sponds to the (unstable) uniform solution and the solid curve to
the localized solution. At late stages of softening, the bar elongation
corresponding to the localized solution exceeds the elongation cor-
responding to the uniform solution at the same load level.
As already mentioned, both extensions (14) and (15) reduce to
the same basic formulation in the linear case. However, a truly
linear softening law has only a limited range of validity. Since we
cannot let the (tensile) yield stress become negative, the law must
actually be considered as bilinear, with the softening curve consist-
ing of a descending segment and a horizontal segment at zero
stress level; see Fig. 5b. The corresponding function h is given by
hðjÞ ¼ Hj if j 6 jcr0 if jP jc
	
ð19Þ
where jc ¼ r0=H is the plastic strain at which the yield stress ﬁrst
vanishes. This means that the constant value of the tangent soften-
ing modulus H is valid only for arguments of the softening function
smaller than jc. Afterwards, the tangent softening modulus must be
set to zero. For the ﬁrst type of nonlinear softening law (14), the
complete expression for the yield stress can be written as
rY ¼ hr0 þ H½jþ l2j00i ð20Þ
where h. . .i are McAuley brackets denoting the positive part. The
jump to a vanishing softening modulus occurs in the entire plas-
tic zone simultaneously, because the expression jþ l2j00 is con-
stant along the plastic zone. This jump occurs when the current
yield stress in the plastic zone vanishes, which means that the
stress transmitted by the bar vanishes as well. The subsequent
evolution of plastic strain is not unique, because jþ l2j00 does
not need to be constant along the plastic zone (it only needs to
be larger than or equal to jc). This would lead to numerical
instabilities in a ﬁnite element solution, caused by the singularity
of the tangent stiffness matrix, but from the physical point of
view it is essential that yielding can continue at zero stress. Con-
sequently, the model can describe the complete loss of material
resistance without any artiﬁcial locking effects. Numerical prob-
lems can be circumvented by transition to a discontinuous
description (discrete crack), removal of fully softened elements
from the model, or stabilization by a very small nonzero plastic
modulus.
For the second type of nonlinear softening law (15), the com-
plete expression for the yield stress reads
rY ¼ hr0 þ Hji þ Hl2j00 ð21Þb
σ0 /H
-H
1
κκ  = −
0
c
Y
tening curve consisting of two straight segments.
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Fig. 6. Localization simulated using a nonlinear extension of the Aifantis softening law in the form (15) with an exponential softening function given by (18): (a) evolution of
plastic strain proﬁle at early stages of softening, (b) evolution of plastic strain proﬁle at late stages of softening, (c) load–displacement diagram for the localized solution (solid
curve) and the unstable uniform solution (dashed curve).
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compared to (20). In this case, the softening modulus changes when
the softening variable j reaches its critical value jc, which does not
happen at all points in the plastic zone simultaneously. According to
(12), the maximum plastic strain is attained in the middle of the
plastic zone, at x ¼ x0:
jðx0Þ ¼ 2jr ð22Þ
At x0 ¼ 0, the softening variable j attains its critical value
jc ¼ r0=H already at stress level r ¼ r0=2. For later stages of soft-
ening (with corresponding stress levels below r0=2), jðxÞ exceeds
jc in an interval of length Lc located at the center of the plastic zone.
In this interval, the term in the McAuley brackets on the right-hand
side of (21) vanishes, and the consistency and equilibrium condi-
tions imply that the second derivative of jðxÞ must be constant,
i.e., the distribution of plastic strain is quadratic. By enforcing C1-
continuity and the condition j ¼ jc at the internal boundaries
between the interval with quadratic distribution of plastic strain
and the remaining parts of the plastic zone (in which the solution
still has the general form (12), but with different and variable
values of x0), it is possible to obtain analytical expressions for
Lc ¼ 2lr
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r0ðr0  2rÞ
p
ð23Þ
Lp ¼ 2plþ Lc  2l arctan Lc2l ð24Þ
As r approaches zero, both Lc and Lp tend to inﬁnity. This conﬁrms
that, for softening law (21), the plastic zone eventually expands
over the entire bar, which is accompanied by strong locking effects.
It is instructive to present the analytical solution for the plastic
strain evolution in the outer part of the plastic zone,jðx;tÞ¼rðtÞr0
H
1cosLpðtÞ2x
2l
 
; for
LcðtÞ
2
6 x6 LpðtÞ
2
ð25Þ
and exploit it in a discussion of the interface conditions at the
moving elastoplastic interface. To emphasize that the size of the
plastic zone varies during the process, we indicate explicitly the
dependence on time t, which has not been done before for the sake
of simplicity. The spatial derivatives of j and of its rate are easily
computed by differentiation of (25). Setting x equal to LpðtÞ=2, we
ﬁnd out that j0ðLpðtÞ=2; tÞ ¼ 0 while
_j0
LpðtÞ
2
; t
 
¼ r0  rðtÞ
2Hl2
_LpðtÞ ð26Þ
So the plastic strain has a vanishing gradient at the elastoplastic
interface but the plastic strain rate does not, unless the interface
remains stationary (which is not the case here, as documented by
(23) and (24)). On a moving elastoplastic interface, one needs to
be careful when imposing the continuity conditions required by
regularity of the solution. This issue has been addressed in detail
by Peerlings (2007).
3.4. Inﬂuence of the physical boundary
An additional boundary condition is needed for j on the
physical boundary. For a second-gradient model, the boundary
condition must be formulated in terms of either the softening var-
iable j or its ﬁrst derivative j0. Obviously, it does not make sense
to prescribe a ﬁxed nonzero value of j or j0, because the condition
must be satisﬁed at all stages of the loading process, including the
elastic stage, during which the softening variable vanishes. The
most frequent choice of the boundary condition is j0 ¼ 0, but
conditions j ¼ 0 or ajþ bnlj0 ¼ 0 are also admissible from the
ab
Fig. 8. Two different cases of micromechanical structure at the boundary.
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constants, and n is the component of the unit ‘‘vector” representing
the outer normal to the boundary. For the present one-dimensional
problem, n ¼ 1 on the left boundary (at x ¼ 0) and n ¼ 1 on the
right boundary (at x ¼ L). The response of the model depends
strongly on the choice of the boundary condition.
If the Dirichlet condition j ¼ 0 is adopted, plastic ﬂow is
prohibited on the boundary. This implies that even if an imperfec-
tion is placed right next to the physical boundary, the localization
zone will not form around this imperfection, but will be repulsed
from the boundary.
If the Neumann condition j0 ¼ 0 is used, plastic strain may
reach its maximum directly on the physical boundary; see Fig. 7.
The length of the localization zone is reduced to one half,
Lbp ¼ Lp=2 ¼ lp, and the total dissipation is in this case also divided
by two. Physically, this is the solution that would actually appear
whenever the imperfection is within a distance smaller than pl
from the boundary. This means that the localization zone is
attracted to the boundary.
Finally, using the Robin-type boundary condition ajþ bnlj0 ¼ 0
gives a solution with maximum plastic strain attained near the
boundary (if a and b have the same sign) or on the boundary (if
a and b have opposite signs). The plastic strain proﬁle has the same
shape as in an inﬁnite bar but a part of the plastic zone is cut off by
the boundary. The Dirichlet and Neumann conditions are recov-
ered as special cases with b ¼ 0 and a ¼ 0, respectively.
The actual choice of boundary condition should be based on the
results obtained in experiments, or on micromechanical consider-
ations. For example, for concrete one may think of the two cases
schematically presented in Fig. 8. For a boundary layer of soft
matrix without any hard aggregates, localization at the boundary
would be easier than inside the body (Fig. 8a). If, on the other hand,
the hard particles are present at the boundary and are strongly
glued to the rigid support, localization at the boundary would be
more difﬁcult than inside the body (Fig. 8b).
3.5. Aifantis model with ﬁrst and second gradients
Certain generalized forms of the softening law (9) proposed in
the literature use an additional enrichment by a ﬁrst-gradient term
(Aifantis, 1984, 1992, 1995). As already explained in Section 2.1, in
the isotropic case the ﬁrst gradient of cumulative plastic strain
should enter only through its invariant, i.e., its norm, which in
the one-dimensional case reduces to the absolute value of j0.
First let us consider the simple extension of the softening law in
the form
rY ¼ r0 þ H½jþ 2cl j j0 j þl2j00 ð27Þ
where c is a dimensionless parameter, positive or negative. Local-
ized solutions of the one-dimensional problem exist if j c j< 1, and
they have the formκ’=0
κ=0
κ+    κnl ’=0
π/2 π 3π/2 2π x/l0
κ
Fig. 7. Plastic strain distribution for the explicit gradient plasticity model on a ﬁnite
domain with different boundary conditions.jðxÞ ¼jr 1þ cos 2pðx x0ÞLp 
cLp
2pl
sin
2p j x x0 j
Lp
 
exp cð2 j x x0 j LpÞ
2l
 
ð28Þ
where x 2 ½x0  Lp=2; x0 þ Lp=2, jr ¼ ðr r0Þ=H is the plastic strain
that would correspond to the given stress level r in the local ver-
sion of the model (with no gradient terms), and
Lp ¼ 2plﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p ð29Þ
is the length of the plastic zone, which again remains constant
during plastic ﬂow (provided that c is not variable).
For c ¼ 0 we recover the solution (12) of the basic model
with second gradient only. For ﬁxed length parameter l, the size
of the plastic zone monotonically increases with increasing abso-
lute value of c and tends to inﬁnity as c tends to 1 or 1. This
means that the enrichment of (9) by the ﬁrst gradient of cumu-
lative plastic strain leads to a larger plastic zone, independently
of the sign of the ﬁrst-gradient term. The added term also mod-
iﬁes the shape of the plastic strain proﬁle, but this time the sign
does play a role. Fig. 9 shows the normalized plastic strain j=jr
as a function of the dimensionless coordinate ðx x0Þ=l for differ-
ent values of parameter c. The area under the graph is the plastic
bar elongation divided by the normalizing factor ljr. If this area
is large, the bar responds in a ductile manner. For negative c
(Fig. 9a), the maximum value of j and the area under the graph
both increase, which indicates that the response of the bar is
more ductile than for the basic model with second gradient only
ðc ¼ 0Þ. For positive c (Fig. 9b), the maximum value of j
decreases and the area under the graph ﬁrst slightly decreases
as c grows from 0 to 0.6, but for c larger than 0.6 it increases.
The response of the bar is slightly more brittle than for the basic
model with second gradient only.
The softening law (27) contains gradient terms of different
orders, but each of them is positively homogeneous of degree 1.
Consequently, the size of the plastic zone and the shape of the plas-
tic strain proﬁle remain constant during softening, and the shape of
the softening branch of the global load–displacement diagram
corresponds to the shape of the softening branch of the local
stress–strain law. The softening law originally proposed by Aifantis
(1984) contained a term proportional to the squared norm of the
ﬁrst gradient. For the present purpose, it is convenient to write it
in the form
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Fig. 9. Plastic strain proﬁles for Aifantis model with added linear ﬁrst-gradient term multiplied by a (a) negative coefﬁcient, (b) positive coefﬁcient.
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0Þ2 þ l2j00
 
ð30Þ
The corresponding nonlinear differential equation to be satisﬁed in
the plastic zone,
jþ 1
2
cðlj0Þ2 þ l2j00 ¼ jr ð31Þ
was studied (in a different context) by Aifantis and Serrin (1983).
Based on their results, it is possible to show that the ascending
branch of the localized plastic strain proﬁle satisﬁes the relation
cl
dj
dx
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð1þ cjrÞð1 ecjÞ  2cj
p
ð32Þ
The maximum value of plastic strain at the center of the plastic
zone, jmax, can be obtained by looking for the positive solution of
the nonlinear equation
cjmax ¼ ð1þ cjrÞð1 ecjmax Þ ð33Þ
It is easy to see that for 1þ cjr > 0 this equation has exactly one
nonzero solution, which is always positive, while for 1þ cjr 6 0
it has no nonzero solution. This indicates that if the coefﬁcient c
multiplying the square of the ﬁrst gradient in (31) is positive (or
zero), the plastic strain is bounded for any ﬁxed value of the loading
parameter jr ¼ ðr r0Þ=H, while if the coefﬁcient is negative, the
plastic strain blows up as jr approaches 1=c. During the softening
process, parameter jr evolves from zero to jc ¼ r0=ðHÞ. If this
ﬁnal value of jr at complete softening to zero stress does not
exceed 1=c, the plastic strain proﬁle still remains bounded. The
resulting constraint on parameter c is cP 1=jc ¼ H=r0.
For small values of jr, i.e., at the early stage of localization, the
shape of the plastic strain proﬁle is close to the shifted harmonic
function (12) and jmax is close to 2jr. The quadratic ﬁrst-gradient
term becomes important as jr increases. Numerical solutions of
Eq. (32) shown in Fig. 10 indicate that the size of the plastic zone
increases and the plastic proﬁle changes its shape. The graphs
are plotted in terms of normalized plastic strain cj and dimension-
less spatial coordinate ðx x0Þ=l for different values of the normal-
ized loading parameter cjr.
The ratio between the plastic zone size Lp and the internal
length l is presented in Fig. 11 as a function of the normalized load-
ing parameter cjr. The minimum size of the plastic zone, Lp ¼ 2pl,
is obtained for jr ¼ 0, i.e., at the onset of localization. During soft-
ening, the plastic zone expands, no matter whether c is positive or
negative. Softening to zero residual yield stress is completed when
jr attains the value jc ¼ r0=H for which the yield stress accord-
ing to (30) vanishes. So, for positive c, the plastic zone grows up to
a certain maximum value that depends on the product cjc and can
be found from the graph in Fig. 11. For instance, for c ¼ 1=jc, theplastic zone grows from its initial size 2pl only slightly, approxi-
mately to 6:43 l, while for c ¼ 30=jc the ﬁnal size of the plastic
zone is much larger, about 16 l.
On the other hand, if c is negative, the plastic zone remains
ﬁnite only for sufﬁciently small magnitudes of c. If c is negative
and exceeds in magnitude 1=jc, the plastic strain in the middle
of the plastic zone blows up as cjr approaches 1, i.e., as the
stress r approaches r0  H=c (Fig. 10a). This is accompanied by
locking effects: the total bar elongation tends to inﬁnity as r
approaches from above the critical value, which means that
the load–displacement curve asymptotically approaches a hori-
zontal line at nonzero load level. This is documented in
Fig. 12a, in which the solid (top) curve corresponds to
cjc ¼ 1:1 and the horizontal asymptote is located at normal-
ized stress r=r0 ¼ 1 1=1:1 ¼ 1=11  0:0909. For cjc ¼ 1, the
stress approaches zero asymptotically (and the plastic zone
expands without any limits), while for values of cjc between
1 and 0 the stress vanishes at a ﬁnite value of the applied dis-
placement and a ﬁnite size of the plastic zone.
The normalized load–displacement curves for positive parame-
ter c are shown in Fig. 12b. For sufﬁciently small values of cjc, the
softening branch is close to a linear one. Only if cjc is quite large,
say larger than 30, the softening branch becomes curved, but not
really in the tail, rather in the early post-peak part.
A long tail is obtained if the local softening law is reformulated
as exponential, i.e., if (30) is replaced by
rY ¼ r0 exp
H0 jþ 12 cðlj0Þ2 þ l
2j00
h i
r0
0@ 1A ð34Þ
where H0 < 0 is the initial softening modulus. The corresponding
nonlinear differential Eq. (31) remains valid if the parameter on
its right-hand side is redeﬁned as
jr ¼ r0H0 ln
r
r0
 
ð35Þ
For positive values of c, the load–displacement diagrams have rea-
sonable shapes (Fig. 13b), but for negative c the tails approach hor-
izontal asymptotes at positive stress levels (Fig. 13a). This is
because parameter jr grows beyond any limits, and as it
approaches the critical value 1=c, the size of the plastic zone tends
to inﬁnity; see again Fig. 11. Even for positive c, it is not advisable to
use the exponential softening law (34), because the plastic process
zone would expand beyond any limits. A nonlinear softening law
with full softening to zero stress at a ﬁnite value of plastic strain
is more appropriate.
It is interesting to note that, for positive c and large jr, the
plastic strain proﬁle is close to the parabolic shape that was
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Fig. 10. Evolution of plastic strain proﬁles for Aifantis model with added quadratic ﬁrst-gradient term multiplied by a (a) negative coefﬁcient, (b) positive coefﬁcient.
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Indeed, it is easy to verify that the quadratic function
jðxÞ ¼ jr þ 1c 
ðx x0Þ2
2cl2
ð36Þ
is a solution of differential Eq. (31). However, this solution does not
satisfy the continuity requirements, because its derivative does not
vanish at the points where jðxÞ ¼ 0. Still, (36) is a very good
approximation to the actual solution inside the plastic zone, with
the exception of narrow layers at the elastoplastic boundary; see
Fig. 10b. Right at the boundary, both j and j0 vanish and 0
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Fig. 12. Load–displacement diagrams for Aifantis model with linear softening and wit
positive coefﬁcient.j00 ¼ jr=l2. With increasing distance from the boundary, the impor-
tance of the zeroth- and ﬁrst-order terms increases and they
become dominant. The second derivative quickly approaches a con-
stant value 1=cl2, and the solution of (31) becomes close to the solu-
tion of (7) with characteristic length l
ﬃﬃﬃﬃﬃﬃﬃﬃ
c=2
p
. So, for large values of c,
the present model could be considered as a regularized version of
Schreyer’s model. Even though the presence of the second deriva-
tive has in this case a negligible effect on the values of plastic strain
and on the load–displacement diagram, it is essential from the
mathematical point of view, because it makes it possible to enforce
the correct level of regularity that limits the number of admissible
solutions. Indeed, solutions of the type depicted in Fig. 3 would now
be inadmissible, because the second derivative at the points of slope
change would be unbounded.
Based on (36), we can construct an analytical approximation of
the process zone size,
Lp  l
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8ðcjr þ 1Þ
p
ð37Þ
which is valid for large values of the product cjr. This approxima-
tion is shown in Fig. 11 as the dashed curve. Since it represents a
lower bound on Lp, it is clear that the plastic zone size tends to
inﬁnity with increasing parameter cjr.
3.6. Fourth-gradient Aifantis model
Extensions of the softening law of higher than second order
have also been considered in the literature, e.g., by Zbib and
Aifantis (1988) or Mühlhaus and Aifantis (1991). The simplest form
of a fourth-gradient softening law is 0
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Fig. 13. Load–displacement diagrams for Aifantis model with exponential softening and with added quadratic ﬁrst-gradient term multiplied by a (a) negative coefﬁcient, (b)
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where H < 0 is the softening modulus, l is a length parameter and
the superscript IV denotes the fourth spatial derivative. The corre-
sponding differential equation to be satisﬁed in the plastic zone
reads
j l4jIV ¼ jr ð39Þ
and its general solution is a linear combination of functions sinðx=lÞ,
cosðx=lÞ, sinhðx=lÞ and coshðx=lÞ, with four integration constants.
Along with the unknown coordinates of the left and right boundary
of the plastic zone, we have six unknown parameters to be deter-
mined from the continuity conditions at the elastoplastic bound-
aries. Thus we cannot impose C3-continuity, because this would
provide eight conditions, the localization problemwould be overde-
termined and would have no solution. But if the third derivative of
j has a jump at the elastoplastic boundary, the yield stress evalu-
ated from (38) becomes unbounded because it contains the fourth
derivative of j.
Still, it can be shown that the localization problem has a mean-
ingful and mathematically sound solution, but the rigorous justiﬁ-
cation requires rewriting the problem from the differential (strong)
form to the variational (weak) form, which is out of scope of the
present paper. We simply note here that the solution is admissible
if it is twice continuously differentiable and the jump in the third
derivative on the elastoplastic boundary is nonnegative. These con-
ditions are satisﬁed by the particular solution
jðxÞ ¼ jr 1
cosh xx0l
2 cosh Lp2l
 cos
xx0
l
2 cos Lps2l
" #
ð40Þ
where x0 is the coordinate of the center of the plastic zone and Lp is
the size of the plastic zone, obtained as the smallest positive solu-
tion of the transcendental equation
tan
Lp
2l
¼ tanh Lp
2l
ð41Þ
The numerical value of Lp is about 7:853 l.
The plastic strain proﬁle given by (40) is plotted by the solid
curve in Fig. 14, which shows the dependence of the normalized
plastic strain j=jr on the dimensionless coordinate ðx x0Þ=l. For
comparison, the ﬁgure also displays the proﬁles corresponding to
the second-gradient model with the same values of H and l
(dashed) and with the modiﬁed values l ¼ 1:25 l and
H ¼ 1:185H, leading to the same size of the plastic zone and same
maximum plastic strain (dotted). Since the size of the plastic zone
and the shape of the plastic strain proﬁle remain constant during
softening, the shape of the softening branch of the global load–displacement diagram corresponds to the shape of the local soften-
ing law, e.g., it is linear for a linear softening law.
The fourth-gradient model can be generalized by adding a
dependence on the second gradient. Eq. (38) is then replaced by
rY ¼ r0 þ Hðjþ 2cl2j00  l4jIV Þ ð42Þ
where c is an additional dimensionless parameter. The solution of
the corresponding differential equation
jþ 2cl2j00  l4jIV ¼ jr ð43Þ
is a linear combination of functions sinðxx=lÞ, cosðxx=lÞ, sinhðax=lÞ
and coshðax=lÞ, in whichx ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc2 þ 1pp and a ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc2 þ 1pp .
Again, by imposing the appropriate continuity conditions, we obtain
localized solutions for different values of c. The size of the plastic
zone Lp is the smallest positive solution of the transcendental
equation
a tanh
aLp
2l
¼ x tanxLp
2l
ð44Þ
For c ¼ 0, we obtain Lp ¼ 7:853 l, which corresponds to the basic
fourth-gradient model. With increasing c, the size of the plastic
zone increases; see Fig. 15a. For large c, the second gradient domi-
nates and the model becomes close to the basic second-gradient
model with characteristic length l
ﬃﬃﬃﬃﬃ
2c
p
. The size of the plastic zone
is then close to 2pl
ﬃﬃﬃﬃﬃ
2c
p
. In Fig. 15a, the plastic strain is normalized
by jr and the dimensionless spatial coordinate is ðx x0Þ=l. If the
graph is replotted in terms of the plastic strain normalized by its
maximum value and spatial coordinate normalized by the plastic
zone size (Fig. 15b), the inﬂuence of parameter c on the shape of
the plastic strain proﬁle can be studied. For all values of c, this shape
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Fig. 15. Plastic strain proﬁle for general fourth-gradient Aifantis model: (a) normalized plastic strain j=jr as a function of dimensionless coordinate ðx x0Þ=l; (b)
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to the basic second-gradient model. For any given value of c, the
parameters l and H can be adjusted such that the model response
remains almost the same.
3.7. Reformulated Fleck–Hutchinson model
The original model proposed by Fleck et al. (1997) was con-
structed as an extension of strain-gradient elasticity, and its local-
ization properties were analyzed in Section 5 of Part I. Theories
with gradients of the total strain incorporated in the expression
for the stored elastic energy inevitably lead to higher-order stres-
ses and to nonstandard equilibrium equations. In applications it
is often inconvenient to deal with such nonstandard equations
already in the elastic range, and the resulting size effects on elastic
stiffness do not always have a clear physical interpretation. For
these and other reasons, Fleck and Hutchinson (2001) reformu-
lated their model such that its elastic part became standard and
higher-order effects were introduced through the gradient of the
cumulative plastic strain. Based on an extended form of the princi-
ple of virtual work, Fleck and Hutchinson (2001) showed that the
divergence of the higher-order stress s that is work-conjugate with
the gradient of the cumulative plastic strain should appear in the
yield condition (Svedberg and Runesson, 1997; Polizzotto and
Borino, 1998; Liebe and Steinmann, 2001). In the one-dimensional
setting, the reformulated Fleck–Hutchinson model can be
presented in the simple format (1)–(5) with (2) replaced by
rY ¼ QY  s0 ð45Þ
where QY is the generalized yield stress and s is the higher-order
stress conjugate with j0. The evolution of QY and s is described
by the rate equations
_QY ¼ HðEpÞ _jþ 12B _j
0 þ C _j
 
ð46Þ
_s ¼ HðEpÞ A _j0 þ 12B _j
 
ð47Þ
where H is the tangent plastic modulus (under uniform deforma-
tion) and Ep is the effective plastic strain, deﬁned by its rate
_Ep ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_j2 þ A _j02 þ B _j0 _jþ C _j2
p
ð48Þ
Factors A, B and C are in the general setting tensors of order 2, 1, and
0, respectively, and they depend on three internal length parame-
ters and also on the tensor deﬁning the direction of plastic ﬂow
and on the gradient of that tensor. In the one-dimensional setting,
the direction of plastic ﬂow is either 1 for tensile yielding or 1for compressive yielding, and so its gradient vanishes. Factors B
and C then turn out to be zero and the above equations are consid-
erably simpliﬁed. It is also important to note that the factor A is con-
sidered as positive.
Substituting (46) and (47) with B ¼ 0 and C ¼ 0 into the rate
form of (45), we obtain
_rY ¼ _QY  _s0 ¼ HðEpÞ _j ½HðEpÞA _j00 ð49Þ
As long as the distribution of plastic strain rate remains uniform,
(49) reduces to _rY ¼ HðjÞ _j. This conﬁrms that H plays the role of
the tangent plastic modulus corresponding to the local harden-
ing–softening law. At bifurcation from a uniform state, H is still con-
stant in space and (49) can be written as
_rY ¼ HðjÞ½ _j A _j00 ð50Þ
This is very similar to the rate form of Eq. (9) used by the Aifantis
model, except for the sign of the factor multiplying the second
derivative of cumulative plastic strain. In the softening regime,
i.e., for H < 0, the term l2j00 in (9) has a regularizing effect and acts
as a localization limiter, while the term A _j00 in (50) has, with
A > 0, a destabilizing effect. This has already been noted by Engelen
et al. (2006). Nevertheless, in the hardening regime the reformu-
lated Fleck–Hutchinson model works ﬁne and can be used to repro-
duce certain experimentally observed size effects.
4. Gradient elastoplasticity of Zervos et al.
The basic concepts of strain-gradient theories, such as the dou-
ble stress v that is work-conjugate with the strain gradient g, were
introduced in Section 4 of Part I. Zervos et al. (2001) proposed a
model that can be interpreted as a strain-gradient theory with soft-
ening law enriched by the second gradient of an internal variable.
In this theory, called by its authors ‘‘gradient elastoplasticity”, the
higher-order elastic law links the double stress to the gradient of
the elastic strain, and the yield condition is formulated in terms
of the total stress r v0, with the current yield stress rY dependent
on the cumulative plastic strain and its second gradient.
Strictly speaking, Zervos et al. (2001) considered the second-
gradient term as originating from kinematic hardening–softening,
but for the present purpose of one-dimensional localization analy-
sis their softening law can be reinterpreted (without any inﬂuence
on the results) as isotropic. In the one-dimensional setting, the
elastic part of the constitutive equations is written as
r ¼ Eðe epÞ ð51Þ
v ¼ El2eðe0  e0pÞ ð52Þ
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f ðr;v0;rYÞ ¼j r v0 j rY ð53Þ
with the current yield stress given by
rY ¼ r0 þ Hj El2pj00 ð54Þ
In the last equation, we have preserved the original notation of
Zervos et al. (2001) but, if the plastic modulus H is a negative con-
stant, the softening law can be written in the equivalent form (9)
with l ¼ lp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃE=Hp .
Note that the higher-order elastic law (52) differs from those
used by other plastic extensions of strain-gradient elasticity. The
model of Chambon et al. (1998), described in detail in Section 5
of Part I, does not consider any plastic part of the strain gradient
and links the double stress to the gradient of the total strain. The
Fleck–Hutchinson ﬂow theory (Fleck et al., 1997), described in
Section 6 of Part I, considers the plastic part of the strain gradient
as an independent internal variable whose evolution is governed
by a corresponding ﬂow rule. In the present theory, the plastic part
of the strain gradient is set equal to the gradient of plastic strain, so
that the ﬂow rule needs to be speciﬁed for the plastic strain only.
Replacing e ep by ee and combining (51) and (52), we obtain an
expression for the total stress
r v0 ¼ Eðee  l2ee00eÞ ð55Þ
in terms of the elastic strain and its second derivative. If the higher-
order boundary condition reads v ¼ 0, for the present model it can
be rewritten as e0e ¼ 0. In view of (55), the (integrated) equilibrium
condition rðxÞ  v0ðxÞ ¼ t ¼ constant can be rewritten as a second-
order differential equation for ee, and the particular solution satisfy-
ing the boundary condition e0e ¼ 0 at both bar ends is simply
eeðxÞ ¼ t=E ¼ const. So the distribution of elastic strain remains uni-
form independently of the plastic processes, and the double stress v
vanishes, because the gradient of ee vanishes. Consequently, the
Cauchy stress r remains uniform, and the distribution of plastic
strain can be obtained in the same way as for the Aifantis model,
with exactly the same solution (12). Of course, this is true only un-
der the idealized assumptions of a homogeneous prismatic bar (or
homogeneous shear layer under isochoric plastic ﬂow) with vanish-
ing body forces and higher-order tractions. Nevertheless, this exam-
ple illustrates the close relationship between the gradient
elastoplasticity of Zervos et al. (2001) and the traditional Aifantis
model. Based on the correspondence, one can also expect locking
effects if (54) is generalized to the nonlinear form with Hj replaced
by a strictly convex function hðjÞ and the second-gradient term
kept unchanged.
5. Ductile damage model of Geers and coworkers
5.1. Model equations
Drawing inspiration from implicit gradient damage models
(Peerlings et al., 1996), Geers, Engelen and coworkers proposed an
implicit gradient plasticity model based on the concept of ductile
damage (Geers et al., 2001; Engelenet al., 2003;Geers, 2004). In their
approach, softening is assumed to be driven by a nonlocal softening
variable j, deﬁned as the solution of a Helmholtz-type differential
equation, which in the one-dimensional setting reduces to
j l2 j00 ¼ j ð56Þ
As usual, l is a material parameter with the dimension of length. The
solution must satisfy the homogeneous Neumann boundary condi-
tion j0 ¼ 0 imposed at both end sections of the bar. As already
discussed in Section 3.3 of Part I, such an implicit deﬁnition of j
is equivalent to weighted spatial averaging of the ‘‘local” softeningvariable j, with the Green function of the corresponding boundary
value problem playing the role of the weight function. This is why j
is referred to as the nonlocal softening variable.
An important component of the model proposed by Geers et al.
(2001) is the hardening–softening law written in the multiplicative
form
rY ¼ ½1xpðjÞðr0 þ HL0jÞ ð57Þ
where the local plastic modulus HL0 is a positive constant, and the
product HL0j represents linear plastic hardening of the bulk mate-
rial. Due to the growth and coalescence of voids, the effective yield
stress r0 þ HL0j is reduced by a scalar factor 1xp, similar to the
reduction of the effective stress in continuum damage mechanics.
While the hardening process is driven by the local value of the
cumulative plastic strain, the degradation of yield stress due to duc-
tile damage is driven by the nonlocal cumulative plastic strain.
The damage variablexp grows from 0 to 1, but the onset of duc-
tile damage does not need to coincide with the onset of yielding. In
the simplest case, the dependence of xp on j is described by a
piecewise linear law,
xpðjÞ ¼
0 for j 6 ji
jji
jcji for ji 6 j 6 jc
1 for jP jc
8><>: ð58Þ
in which ji and jc are material parameters that specify the (non-
local) plastic deformation at damage initiation and at complete
damage (i.e., at zero residual yield stress), respectively; see
Fig. 16a left. Alternatively, Geers et al. (2001) proposed the expo-
nential damage law (Fig. 16a right)
xpðjÞ ¼
0 for j 6 ji
1 exp  jjijcji
 
for ji 6 j
(
ð59Þ
which gives a more realistic shape of the stress–strain law for mate-
rials such as concrete, characterized by a long tail of the softening
curve; cf. Fig. 16d.
5.2. Bifurcation from a uniform state
As long as the damage variable xp remains equal to zero, the
material is either elastic, or plastically hardening, and the strain
distribution in a simple one-dimensional tensile test remains uni-
form. Depending on the choice of the speciﬁc ductile damage law,
bifurcation from the uniform state can take place either right away
at the onset of damage growth, or later, when a certain critical
state is reached.
At incipient localization, all variables characterizing the mate-
rial state are still uniformly distributed along the bar. It is easy
to see that if jðxÞ ¼ j ¼ const., then jðxÞ ¼ j satisﬁes the differ-
ential Eq. (56) and the homogeneous Neumann boundary condi-
tions. The plastic strain rate _j and its nonlocal counterpart _j are
linked by the rate form of (56),
_j l2 _j00 ¼ _j ð60Þ
Suppose that the plastic strain rate localizes in a plastic region Ip.
The consistency condition _f  _r _rY ¼ 0 provides an additional
equation linking the local and nonlocal plastic strain rates. Indeed,
differentiating (57) we get
_rY ¼ ð1xpÞHL0 _jx0pðr0 þ HL0jÞ _j ¼ HL _jþ HNL _j ð61Þ
where x0p  dxp=dj is the derivative of the damage function,
HL ¼ ð1xpÞHL0 and HNL ¼ ðr0 þ HL0jÞx0p ¼ ðj0 þ jÞx0pHL0 can
be considered as the current ‘‘local” and ‘‘nonlocal” plastic modulus,
respectively, and j0 ¼ r0=HL0 is a constant parameter introduced
for convenience. Substituting (60) into the consistency condition
Fig. 16. Illustration of implicit gradient plasticity model with a linear (left) or exponential (right) damage law: (a) damage law, (b) yield stress as a function of plastic strain in
a uniform state, (c) dependence between the plastic strain at bifurcation and the bar length, (d) stress-elongation diagram for uniform response (dashed) and localized
response (solid).
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we eliminate the local rate _j and construct a differential equation
for the nonlocal rate,
ðHL þ HNLÞ _j HLl2 _j00 ¼ _r ð63Þvalid in the plastic region Ip. In the elastic region Ie, the local rate
_j vanishes and the governing differential equation for the nonlocal
rate,
_j l2 _j00 ¼ 0 ð64Þ
is obtained directly from (60).
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ble and must satisfy the boundary conditions _j0ð0Þ ¼ 0 and
_j0ðLÞ ¼ 0. It is easy to show that if HL þ HNL is positive, the problem
admits only a uniform solution _jðxÞ ¼ _jðxÞ ¼ _r=ðHL þ HNLÞ. The
yield stress is still growing and localization is impossible. The plas-
tic region extends over the entire bar. Suppose now that HL þ HNL is
negative, and that the plastic region extends from 0 to Lp and the
elastic region from Lp to L. The general solution of (63) and (64)
is then
_jðxÞ ¼
_r
HLþHNL þ C1 cos axl þ C2 sin axl for x 2 Ip  ½0; Lp
C3 cosh xl þ C4 sinh xl for x 2 Ie  ½Lp; L
(
ð65Þ
where Ci, i ¼ 1;2;3;4, are integration constants, and
aðj; jÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 HNLðj; jÞ
HLðjÞ
s
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðjþ j0Þx0pðjÞ
1xpðjÞ  1
s
ð66Þ
is a parameter that depends on the current state.
It is possible to show that, for HL > 0, the local rate _jðxÞmust be
continuous at the elastoplastic interface, otherwise the unloading
condition _r 6 _rY would be violated in a part of the elastic domain
adjacent to that interface. Imposing condition _jðLpÞ  _jðLpÞ
l2 _j00ðLpÞ ¼ 0 and the homogeneous Neumann boundary conditions
on the general solution (65), we obtain a family of particular solu-
tions of the form
_jðxÞ ¼
_r
HLþHNL 1þ
HL
HNL
cosaxl
cos
aLp
l
 
for x 2 Ip  ½0; Lp
_r
HNL
coshLxl
cosh
LLp
l
for x 2 Ie  ½Lp; L
8><>: ð67Þ
It can be rigorously proven that, at least at the ﬁrst bifurcation from
a uniform state, the rate of the nonlocal plastic strain must be con-
tinuously differentiable, even if the size of the plastic region is not
constant. This follows from the fact that the nonlocal plastic strain
itself is in the uniform state constant and therefore all its spatial
derivatives vanish. The initial size of the plastic region is deter-
mined from the condition of continuity of _j0 at x ¼ Lp, which turns
out to lead to the same equation
tan
aLp
l
þ a tanh L Lp
l
¼ 0 ð68Þ
as obtained for Chambon’s strain-gradient plasticity model
(Chambon et al., 1998) in Part I. Consequently, we can reuse the
results obtained in Section 5.2 of Part I and express the size of the
plastic region as Lp ¼ lkpða; L=lÞ, in which kp is implicitly deﬁned
as the solution of
tanakp þ a tanhðk kpÞ ¼ 0 ð69Þ
The same type of solution was used in Part I, but the meaning of
parameter a is now different. The general results regarding the size
of the plastic region and the minimum bar length needed to induce
localization remain valid. However, in view of the modiﬁed expres-
sion for a, their physical interpretation must be reconsidered.
For Chambon’s model, parameter a depends only on the ratio
between the tangent elastoplastic modulus and the modulus of
elasticity. For the present model, a is given by (66) and depends
on the ratio between the local and nonlocal tangent moduli. For
the piecewise linear damage law (58) and for the range
ji 6 j < jc and ji 6 j < jc, we have xpðjÞ ¼ ðj jiÞ=ðjc  jiÞ,
x0pðjÞ ¼ 1=ðjc  jiÞ, and
aðj; jÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðjþ j0Þx0pðjÞ
1xpðjÞ  1
s
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jþ jþ j0  jc
jc  j
s
ð70Þ
At bifurcation from a uniform state, the distribution of plastic strain
jðxÞ ¼ j is still uniform along the bar, and so the nonlocal ﬁeldjðxÞ ¼ j is the same as the local one. The value of a is real if 2j
is not less than jc  j0. Depending on the combination of model
parameters, this can happen either right at the onset of damage
(at j ¼ ji), or later. Suppose that 2ji þ j0 < jc. In this case, the
yield stress is still increasing after the onset of damage, and it
reaches its maximum at j ¼ ðjc  j0Þ=2; see Fig. 16b left. At this
state, the corresponding value of a is zero, and the size of the plastic
region predicted by bifurcation analysis is inﬁnite. This represents
the theoretical onset of localization in an unbounded domain. Note
that the condition a ¼ 0 is equivalent to HL þ HNL ¼ 0 (this holds in
general, not only for the linear damage law), and so the localization
in an inﬁnite bar starts at peak stress.
For a ﬁnite bar, bifurcation can take place only if the size of the
plastic region Lp ¼ lkpða; L=lÞ does not exceed the actual bar length
L. Since kp is an increasing function of a and aðj;jÞ is an increas-
ing function of j, the plastic strain at bifurcation,
jb ¼
jc  j0 þ plL

 2jc
2þ plL

 2 ð71Þ
can be computed from the condition L ¼ pl=aðjb;jbÞ.
For the exponential damage law (59), we have
x0pðjÞ ¼ ½1xpðjÞ=ðjc  jiÞ and
aðj; jÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðjþ j0Þx0pðjÞ
1xpðjÞ  1
s
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jþ j0 þ ji  jc
jc  ji
r
ð72Þ
Note that, in this particular case, a happens to be independent of j.
For an inﬁnite bar, localization starts at j ¼ jc  ji  j0. For a
ﬁnite bar of length L, the plastic strain at bifurcation is
jb ¼ plL þ 1
 
ðjc  jiÞ  j0 ð73Þ
The dependence between the bar length and the plastic strain at
bifurcation is illustrated in Fig. 16c. The plastic strain, plotted on
the vertical axis, is normalized by jc. If the plastic strain at bifurca-
tion jb computed from (71) or (73) is smaller than the plastic strain
at the onset of damage, ji, bifurcation takes place at j ¼ ji and the
size of the localized plastic region is immediately smaller than the
bar length. This happens if the hardening curve has a sharp peak
(i.e., if the plastic modulus jumps from positive to negative); see
Fig. 16b right.
Finally, let us explain why the hardening–softening law needs to
be considered in a relatively complicated form, such as in (57). For
explicit gradient plasticitymodels, it is sufﬁcient to replace the local
value of cumulative plastic strain j by amodiﬁed value that reﬂects
the inﬂuence of gradients. For instance, for the basic version of the
second-gradientAifantismodel,j is replacedbyjþ l2j00. In a similar
spirit, one could think of an implicit gradient model that simply
replacesjby j. However, such formulationwouldnotact as aproper
localization limiter. A softening lawwritten asrY ¼ r0 þ hðjÞ canbe
considered as a special case of (57) with HL0 ¼ 0 and
xpðjÞ ¼ hðjÞ=r0. The corresponding local plastic modulus HL van-
ishes and the nonlocal plastic modulus HNL ¼ r0x0p is negative.
AsHL approaches zero fromabove, parameter a evaluated according
to the ﬁrst formula in (66) approaches inﬁnity, and the plastic zone
size Lp obtained from (68) approaches zero. So, in the limit for
HL ¼ 0, the plastic zone is reduced to a single cross-section (right
at theonsetof localization). This is the samekindofdeﬁciencyas that
observed for the so-called basic nonlocal integral-type plasticity
model (Planas et al., 1993; Jirásek and Rolshoven, 2003).
To enforce a nonzero size of the plastic zone in nonlocal inte-
gral-type plasticity, Vermeer and Brinkgreve (1994) proposed to
drive softening by a combination of the nonlocal and local cumula-
tive plastic strain. For instance, in the simplest case of linear soft-
ening with plastic modulus H < 0, the softening law is written as
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where m is a dimensionless parameter. This is in fact a special case
of a general law rY ¼ r0 þ hðj; jÞ with constant values of the local
and nonlocal plastic moduli, HL ¼ oh=oj ¼ ð1mÞH and
HNL ¼ oh=oj ¼ mH, for which the results of the localization analysis
performed in this section remain valid not only in terms of rates at
bifurcation from a uniform state but also in terms of ﬁnite incre-
ments. According to the localization analysis, solutions with plastic
strain localized into a single point (cross-section) are excluded if
HL > 0, and solutions given by (67) with plastic strain localized into
a ﬁnite interval exist if HL þ HNL < 0. In terms of the Vermeer–
Brinkgreve approach, the ﬁrst condition translates as H < 0 and
the second as m > 1, which coincides with the results known from
the literature (Planas et al., 1993; Jirásek and Rolshoven, 2003). So
the essential point is not the multiplicative format of the
hardening–softening law (57) but the appropriate signs of the local
plastic modulus and of the ‘‘overall” plastic modulus (sum of the lo-
cal and nonlocal one), which can be equally well achieved with a
hardening–softening law in an additive format (74).
5.3. Evolution of plastic region
The rate solution derived in the previous section would be valid
for ﬁnite increments if parameter a remained constant across the
localized plastic region. This has already been discussed for Cham-
bon’s model in Section 5.3 of Part I. For that model, a ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃEt=Ep
depends only on the ratio between the tangent elastoplastic mod-
ulus Et and the modulus of elasticity E. So the parameter a and,
consequently, the size of the plastic region Lp, remain constant
for linear softening. For the present model, a given by (66) in gen-
eral depends on both the local and nonlocal values of cumulative
plastic strain. Consequently, the size of the plastic region and the
distribution of plastic strain rates are expected to evolve during
the localization process. For the exponential damage law (59), a
given by (72) turns out to depend only on the local value, j, and
it increases with increasing j. Since larger values of a correspond
to smaller sizes of the plastic region, it can be expected that the
plastic region tends to shrink during the loading process. This is
conﬁrmed by numerical simulations, see Fig. 17b. For the linear
damage law (58), a given by (70) depends on both j and j but is
still an increasing function of either of them if the other one is kept
ﬁxed. Consequently, the plastic region tends to shrink for this law
as well; see Fig. 17a.
Interestingly, it is possible to derive a damage law for which a in
a uniform state is independent of j and j. The idea is to integrate
the differential equation
dxp
dj
jþ j0
1xp ¼ 1þ a
2 ð75Þ
with a considered as a positive constant. The result is
xpðjÞ ¼ 1 j0jþ j0
 1þa2
ð76Þ
For this law, the size of the plastic proﬁle can be expected to be
approximately constant during the entire loading process.
In the examples, we have presented only symmetric solutions
with a localized zone in the middle of the bar, surrounded by
two elastic zones that extend to the bar ends. Solutions localized
at one boundary can be constructed from the symmetric ones by
cutting the bar in the middle. It is interesting to note that, for a per-
fect bar, the position of the plastic zone is not arbitrary. If the plas-
tic strain localizes into a single interval detached from the
boundaries, this interval is always located exactly in the middle
of the bar. The same was true for the strain-gradient plasticitymodels presented in Part I but not for the explicit models with gra-
dients of internal variables presented in Sections 2–4 of Part II.
An important property of the implicit gradient formulation with
hardening–softening law (57) is that it does not suffer by spurious
locking effects, at least not for the commonly used damage laws.
The plastic zone is shrinking (Fig. 17) and the stress transmitted
by the bar tends to zero (Fig. 16d). The model can safely be used
in simulations of the complete failure process.6. Strain-space implicit gradient plasticity model
Another type of implicit gradient plasticity model was proposed
by Pamin, Askes and de Borst. They started from a special kind of
strain-space plasticity model with the yield condition written in
terms of the total strain and the hardening–softening variable.
Initially, in a conference paper, Pamin et al. (2001) used a yield
function which would, in the one-dimensional setting, reduce to
f ðe; ep;rYÞ ¼j Ee j  j Eep j rY ð77Þ
but later in a journal paper Pamin et al. (2003) dropped the term
dependent on the plastic strain ep. In this simpliﬁed formulation,
the variable rY has no longer the direct meaning of yield stress,
so we will denote it by a different symbol ~rY, to avoid confusion.
The yield function is then written as
f ðe; ~rYÞ ¼j Ee j ~rY ð78Þ
and the modiﬁed yield stress ~rY is still considered as a function of
the cumulative plastic strain j, but its physical meaning is different.
For instance, if a linear relation
~rY ¼ r0 þ eHj ð79Þ
is used, r0 keeps the meaning of initial yield stress, but eH is not the
plastic modulus in the usual sense. During plastic yielding under
positive strain, the plastic consistency condition _f ¼ 0 gives
E _e ¼ eH _j, and the stress rate can be expressed as
_r ¼ Eð _e _epÞ ¼ ðeH  EÞ _ep. The usual relation _r ¼ H _ep is recovered
for eH ¼ Eþ H. So the model parameter eH actually corresponds to
the sum of the elastic modulus and the plastic one, and softening
is characterized by values of eH between zero and E (parameter eH
must be positive in order to avoid snapback on the material-point
level).
The term j Ee j in (78) can be interpreted as a certain norm of
the total strain. The regularized version of the model is based on
the replacement of this term by its nonlocal counterpart, deﬁned
implicitly as the solution of a Helmholtz-type differential equation.
If we restrict attention to tensile strains and to a homogeneous
material with constant elastic modulus, it is sufﬁcient to replace
the local strain e by the nonlocal strain e deﬁned as the solution of
e l2e00 ¼ e ð80Þ
with homogeneous Neumann boundary condition e0 ¼ 0.
The total strain is the sum of the elastic and plastic strain, and
the elastic strain is equal to the stress divided by the elastic mod-
ulus. If the stress and elastic modulus are uniform in space, the
nonlocal strain e can be written as the sum of the elastic strain
r=E and the nonlocal plastic strain ep, deﬁned as the solution of
ep  l2e00p ¼ ep ð81Þ
with boundary conditions e0p ¼ 0. Under monotonic tensile loading,
there is no difference between the plastic strain ep and the cumula-
tive plastic strain j, and so (81) exactly corresponds to Eq. (56)
deﬁning the nonlocal softening variable j in the ductile damage
model of Geers and coworkers. In the simple one-dimensional set-
ting, the localization properties of both models are the same.
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Fig. 17. Evolution of plastic strain for the (a) linear and (b) exponential damage law.
Table 1
Overview of explicit gradient plasticity models using gradients of internal variables.
Model Section Softening law (linear case)
Local 1 rY ¼ r0 þ Hj
First gradient 2 rY ¼ r0 þ H ½jþ ðlj0Þ2
Second gradient 3.1 rY ¼ r0 þ H ½jþ l2j00 
First and second gradient 3.5 rY ¼ r0 þ H ½jþ 2cl j j0 j þl2j00 
First and second gradient 3.5 rY ¼ r0 þ H ½jþ 12 cðlj0Þ2 þ l2j00 
Fourth gradient 3.6 rY ¼ r0 þ H ½j l4jIV 
Second and fourth gradient 3.6 rY ¼ r0 þ H ½jþ 2cl2j00  l4jIV 
Reformulated Fleck and Hutchinson (2001) 3.7 _rY ¼ H _j ½HA _j0 0
Zervos et al. 4 rY ¼ r0 þ Hj El2pj00
Table 2
Overview of implicit gradient plasticity models using gradients of internal variables.
Model Section Softening law Yield function
Ductile damage 5 rY ¼ r0 þ hðj; jÞ f ¼j r j rY
Strain space 6 ~rY ¼ r0 þ eHj f ¼ j Ee j  ~rY
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couldbe its easynumerical implementation in the context of thedis-
placement-based ﬁnite element method. For a given increment of
nodal displacements, the local strain ﬁeld on the right-hand side of
(80) can be directly evaluated, and the nonlocal strain ﬁeld can be
solved from that equation even before the stress return algorithm
is invoked. The same holds in the general three-dimensional setting,
where the nonlocal quantity is not the strain itself but a certain
equivalent stress computed from the elastically evaluated stress
tensor (product of the elastic stiffness and strain). This would be
especially attractive for the integral-typenonlocal formulation,with
the solution of the Helmholtz-type equation replaced by explicit
evaluation of aweighted spatial average. If such an averaging proce-
dure is applied on the cumulative plastic strain, the plastic consis-
tency condition becomes nonlocal and the stress-return algorithm
cannot be invoked at each integration point separately, which com-
plicates the implementation of integral-type nonlocal plasticity
models. Averaging applied on the equivalent ‘‘elastic stress”, com-
puted from the total strain using the elastic stress–strain law,would
lead to an efﬁcient explicit procedure, similar to integral-type non-
local damage models with averaging of equivalent strain.
Unfortunately, the strain-space plasticity model proposed by
Pamin et al. (2003) has only a limited scope of application, because
it leads to a nonphysical behavior under nonproportional loading.
The yield surface is deﬁned in the strain space and depends only
on the cumulative plastic strain but not on the plastic strain itself.
The dependence on the cumulative plastic strain can reﬂect certain
hardening or softening effects but cannot describe the translation
of the yield surface in the strain space during plastic ﬂow. Note that
a yield surface deﬁned in the stress space can be directly mapped
into the elastic strain space using the elastic compliance operator,
but in the total strain space it must be further shifted depending on
(all componentsof) theplastic strain. Inotherwords, a yield function
deﬁned in terms of the stress as frðr;jÞ can equivalently be deﬁned
in termsof the totalandplastic strainsas feðe; ep;jÞ ¼ frðEðe epÞ;jÞ,but it cannot be reduced to a function of e and j only. For a given
proportional loading, the inﬂuence on ep can be in a sensemimicked
by a modiﬁed dependence on j, but such a modiﬁcation works only
for that speciﬁc type of loading, not in general. So for instance under
tensile loading we have ep ¼ j and j Eðe epÞ j r0  Hj can be
replaced by j Ee j r0  ðEþ HÞj, but this is true only provided that
eP ep P 0.After tensile yieldingup toa certain level of plastic strain
ep > 0, the elastic domain in the strain space becomes the interval
ðr0=E ð1þ H=EÞep;r0=Eþ ð1þ H=EÞepÞ, and it remains centered
in the strain space. The current yield limit in tension is reproduced
correctly, but upon load reversal the yielding in compression would
start at strain r0=E ð1þ H=EÞep and at stress
E½r0=E ð1þ H=EÞep  ep ¼ r0  ð2Eþ HÞep. Independently of
the sign of the plastic modulusH, themagnitude of the compressive
yield stress would be higher by 2Eep than the tensile yield stress.
Such an ‘‘inverse Bauschinger effect” is certainly pathological and
unacceptable. It is very strong in the extreme case of full load rever-
sal, but it would certainly be present, albeit less strong, under gen-
eral multiaxial loading with a variable direction of the plastic
strain rate. The price to be paid for computational efﬁciency seems
to be too high.
7. Conclusions
A number of plasticity models with gradients of internal
variables have been scrutinized in this paper. For most models
considered here, the stress–strain relations and the evolution
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ment is introduced through the softening law, and the various for-
mulations are compared in Tables 1 and 2. Of course, such simple
tables provide only the basic orientation; they cannot cover all the
speciﬁc details of different formulations. For the explicit gradient
models in Table 1, only the formulations with linear softening
are listed, but extensions to nonlinear softening are usually avail-
able. For the implicit gradient models in Table 2, the form of the
yield function is also given.
The main results can be summarized as follows:
(1) Apart from the ﬁrst-gradient model presented in Section 2,
explicit gradient plasticity models using gradients of inter-
nal variables efﬁciently regularize the initial bifurcation
from a uniform state. For suitably formulated softening laws,
the response at late stages of the softening process remains
physically reasonable. Locking effects may arise if the regu-
larizing term is kept separately, instead of being considered
as a part of the argument of the nonlinear softening function.
(2) The inﬂuence of the boundary conditions on the shape of the
plastic strain proﬁle localized near the boundary has been
investigated for the explicit second-gradient model. A phys-
ical interpretation of the attractive or repulsive character of
the boundary layer has been suggested.
(3) The ﬁrst-gradient model suffers by serious mathematical
problems and cannot be used for a regularized description
of softening.
(4) In the one-dimensional setting, the reformulated Fleck–
Hutchinson model is very similar to the Aifantis model with
a negative sign at the second-gradient term, for which size
effects in the hardening regime can be captured but regular-
ization of softening is not achieved.
(5) In the one-dimensional setting, the gradient elastoplasticity
model proposed by Zervos et al. (2001) is equivalent to the
Aifantis model with the second-gradient term kept sepa-
rately, which acts as a localization limiter but exhibits lock-
ing for nonlinear softening laws.
(6) The implicit gradient plasticity model motivated by ductile
damage, which is strongly nonlocal, acts as an efﬁcient local-
ization limiter, provided that the hardening–softening law
has a suitable form with dependence on both the local and
nonlocal cumulative plastic strain.
(7) The implicit gradient plasticity model formulated in the
strain space would lead to an efﬁcient computational proce-
dure, but is not physically realistic for nonproportional
loading.
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